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The acoustical properties of cholesteric liquid crystals in the isotropic phase including the vicinity of the 
phase transition point to the ordered phase are investigated. An interaction of fluctuating field of the tensor 
order parameter with the sound wave is considered. In Gaussian approximation the contribution of 
fluctuating modes to the sound velocity dispersion and attenuation is calculated. The obtained formulae are 
compared with ones for nematics in isotropic phase. It was found that the difference between these results 
rises in the vicinity of the phase transition point. This difference is connected, on the one hand, with the 
specific fluctuating spectrum and on the other hand with the closing of the instability temperatures of some 
fluctuating modes to the phase transition temperature T,. The results are illustrated by the numerical 
calculations. 

Keywords: Ultrasound, cholesteric liquid crystals, tensor order parameter, isotropic 
phase. 

1. INTRODUCTION 

The ultrasonic velocity and the attenuation of sound in the isotropic phase of nematic 
liquid crystals are studied in detail both theoretically and experimentally.' - ' Theoreti- 
cal descriptions of these phenomena are based on the calculation of the sound wave 
interaction with the fluctuation field of the tensor order parameter. A numerical 
comparison of the theory with the experiment shows that the experimental data for the 
frequency and temperature dependencies of the ultrasonic velocity and attenuation are 
in close agreement with the theoretical predictions.' It is important to note that the 
theoretical formulae do not contain any fitting parameters. It means that acoustical 
methods are essential for obtaining of liquid crystal parameters which are difficult to 
determine by other experimental methods. 

A similar problem exists for the isotropic phase of cholesteric liquid crystals since the 
traditional method such as light scattering is not effective in this phase. The cholesteric 
isotropic phase is of particular interest owing to existence of the intermediate blue 
phase which is currently studied very intensively. Here the acoustical methods are 
important for a study of the vicinity of the isotropic-ordered phase transition point. 

One of the characteristic feature of cholesteric isotropic phase is the unusual form of 
the thermal fluctuations spectrum of the tensor order parameter. Fluctuations of 
several modes are maximal for zero wave number whereas the fluctuations of some 
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188 V. P. ROMANOV A N D  S. V. UL'YANOV 

other modes are maximal for the wave number equals to the cholesteric pitch. In 
contrast to nematics these modes have three different temperatures of instability which 
are similar to the temperature T* for nematics. 

Recently the ultrasonic absorption measurements in the ordered and isotropic 
phases of cholestryl valerate were completed by Muralidhar et aL4 Here it was shown 
that frequency and temperature dependencies for the sound attenuation are qualitat- 
ively similar to the ones in the vicinity of the isotropic- nematic phase transition point. 
The theoretical calculations presented in4 are based on the simplified form of the 
fluctuation spectrum of the tensor order parameter. This approach is similar to the 
Imura and Okano theory' but with the strong dependence on the cut-off parameter. 

In this work we study the critical behavior of the ultrasonic velocity and attenuation 
arising due to the sound waves interaction with all fluctuating modes of the order 
parameter in the isotropic phase of cholesterics. The results are illustrated by the 
numerical calculations. The sound velocity dispersion and the attenuation coefficient 
are found to be different from those for the isotropic phase of nematics in the vicinity of 
the phase transition point. 

2. FLUCTUATIONS OF THE ORDER PARAMETER NEAR T, 

A detailed description of the behavior of the cholesterics in the region of the phase 
transition requires the approximation of the free energy by the power-series expansion 
over the tensor order parameter &. In the Gaussian approximation it can be written as5 

where 
linearly with temperature 

is the symmetric tensor with Sp& = 0. The coefficient a is assumed to vary 

a = a,(T - T*).  

The other parameters a,, b, c, d are temperature independent, eaSY is the unit antisym- 
metric tensor of the third rank. Coefficient d is pseudoscalar. It is related to the value of 
the cholesteric pitch p. It follows from a comparison of the free energy expansion (1) 
with the formula for the distortion energy of the ordered cholesteric6 

( 2 )  
1 
2 

F=F,+-{K,,(divif)2+K22(31.rotif +q0)2+Kj,[if x rotifI2), 

where K l l ,  K 2 2 ,  K,, are the elastic Frank constants, n is the director, lqol = 27r/p. 
Supposing that a variation of the order parameter results from a variation of the 

director n only, we may write Qas = Q(nan, - 6,/3), where Q is constant. Substituting 
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ISOTROPIC PHASE OF CHOLESTERIC LIQUID 189 

this expression into Equation (1) and comparing with Equation (2) we get the following 
expression 

or 

where we used the relation between the Frank modulus and the Coefficients in the 
expansion (1) which is valid in the Gaussian approximation over the order ~ a r a m e t e r . ~  

It should be noted that the sign of the coefficient d depends on a type of the 
cholesteric spiral (right or left). The case d = 0 relates to the nematic liquid crystals. The 
final results are independent of a sign of the coefficient d. We consider d > 0. Further we 
study an isotropic phase of the cholesteric liquid crystal where a mean value of the 
order parameter equals zero ( Q a a )  = 0. In this case Equation (1) may be used for 
calculation of the order parameter fluctuations in the Gaussian approximation.* 

Using the Fourier transformation 

we can write the free energy (1) in the following form 

1 
F { Q } = F ,  +?I [ (a + k 2 ) Q a D . ,  Q a p .  - 4  + c q a q D Q a y . 4  Q p y .  - 4  + 2ideapyqyQm6,  - 4  Q p a . g l .  

4 
(4) 

In order to calculate fluctuations of the tensor order parameter it is convenient to 
reduce Equation (4) to the diagonal form. The tensor Q, has five independent modes. 
They may be parametrized as follows: 

where e3 = q/q,8 (I)(e,) are the symmetrical tensors. These tensors form a basis in the 
space of symmetric traceless tensors of the second rank. These tensors are constructed 
in the Cartesian coordinate system (e,,e,,e,) where e3 = [el x e , ] .  For convenience we 
introduce the complex vector m ( e 3 )  
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190 V. P. ROMANOV A N D  S. V. UL'YANOV 

with the evident property m(e3) = m*( - e3). The basis &(I) (e3) has the form 

It follows from Eqs. (6) and (7) that 

mama = 0, mam,+ = 1, 

The system of tensors 8"' forms the orthogonal basis normalised in five-dimensional 
space of the symmetric traceless tensors. The scalar product in this space is defined as 

For tensors a(') the following relations are valid 

where labud is the unit symmetric tensor of the fourth rank 

The separate terms of the order parameter expansion (5 )  describe the various types of 
the spontaneously arising structures, i.e, the mode with 1 = 0 means the ordering of the 
nematic type. Modes with 1 = f 2 mean the structure of two cholesteric spirals rotating 
in opposite directions and modes with 1 = 1 describe the structure of the opposite 
rotating conical spirals.' 
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ISOTROPIC PHASE OF CHOLESTERIC LIQUID 191 

With the aid of relations (5)-(9) we can rewrite the expression for free energy (4) in 
a diagonal form 

where 

G:'= a + ldq + [b +:(4 - 12)]q2 

and 

C 
Al = b + -(4 - 12), 

6 

d2 1' d l  g f = a - - ,  q l = - - .  
4A1 2 4  

From Equation (10) we obtain the following expression for the fluctuation modes* 

It follows from the relations (1 l), (12) that there exist three different temperatures of 

It is easy to obtain the expression for T:  
instability TF for five fluctuating modes. 

d212 
4a,A1' 

T : = T * + -  

For cholesterics the condition Al 2 0 is valid and the following inequalities take place 

Here T, is the temperature of the first order phase transition. It follows from expression 
(13) that the temperatures T*+2 are closest to T, and consequently in the vicinity of T, 
the modes 1 = f 2 are the most important. Considering the dependence of fluctuations 
on the wave number q it could easily be seen that the modes with 1 = 0,1,2 are maximal 
at q = 0 while the modes with 1 = - 1, - 2 have maximal values for qr = - ld/(2A1). 
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192 V. P. ROMANOV AND S. V. UL'YANOV 

The relaxation equation for rc') is 

where r is the kinetic coefficient. From Equation (14) we can find the damping 
fluctuation law 

where 

3. SOUND ATTENUATION AND VELOCITY DISPERSION NEAR T, 

In order to calculate the velocity dispersion and the sound attenuation result from the 
relaxation of the order parameter fluctuations several methods are used. Among them 
are the calculation of the dynamic heat capacity,'?' the calculation of the fluctuation 
contribution to the complex bulk viscosity c~efficient,~*'~*' ' a consideration of the 
fluctuation field interaction with the sound and other methods. All these 
methods lead to similar results in the lowest approximation over the fluctuation 
parameter. The analysis of viscosity coefficients shows that the variation of acoustic 
properties is essentially determined by the bulk viscosities in the vicinity of phase 
transition points of liquid ~ r y s t a l s . ' ~ - ' ~  It is due to the drastic increase of these 
coefficients in critical regions in contrast with shear viscosities. Therefore we calculate 
the fluctuation contribution to the complex coefficient of the bulk viscosity only. 

We start from the statistical expression for the bulk viscosity coefficient (see e.g.16*17) 

where dp is the fluctuation of pressure and dp") is its thermodynamic part. The value 
ijv(w) is complex. Its real and imaginary parts determine the absorption coefficient 

and sound velocity dispersion 

where C is the velocity at zero frequency, p is the mass density. 
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ISOTROPIC PHASE OF CHOLESTERIC LIQUID 193 

Equation (17) gives the possibility of extracting the input of various fluctuations to 
the bulk viscosity coefficient. The general approach is based on the projection of the 
pressure nonthermodynamicpart (6p ,= ,  - dpr2 o)  on the set of variables { a }  describing 
the local equilibrium. The set of variables {a}  includes the collective variables such as 
the number density, the energy density, the momentum density and additional vari- 
ables. In our case these additional variables are the Fourier-components (t) describing 
the tensor order parameter. In Gaussian approximation this projection P, , ,  (6pq= - 
6pyJ o)  has the form' * 

The expression (20) requires the knowledge of correlation functions 

The thermodynamic fluctuation theory6 gives the possibility of calculating the correla- 
tor ( 6 p y l o  Y ) ,  where Y is an arbitrary microscopic value. The Fourier component 
6py2 is connected with the fluctuation of the pressure thermodynamic part dp"'(r) 
averaged over the system volume 

s p g o  = - d?6p'"(?) = JVdp"'. Jv ' S  
The correlator ( 6 p " ) Y )  may be presented in the form 

where the identities6 

(6p"'6p) = - K T p  (dp"'6S) = 0, v '  
are used. 
From Equations (21) and (22) we get 
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194 V. P. ROMANOV AND S. V. UL‘YANOV 

In the vicinity of a phase transition point the fluctuations of the tensor order 
parameter increase critically. Therefore we take into account only the Fourier- 
components 5;) in the set of variables {u}.  The correlator ( dp,=,{;)) is not considered 
since it contains the noncritical input to the bulk viscosity only. Its value may 
be estimated in the same way as in” where it was shown that the correlator 
( S p q , ,  { ; L o )  is proportionate to ( a ( { ~ b , ) / a p ) , .  Note that the correlators 
( d p ~ J , ~ ; ~ , )  and (dp,,,~;Lo) are equal to zero since ( 5 ; ) )  = O  in the isotropic 
phase. Thgrefore the first term in expression (20) turns to zero and we have 

where the fluctuation temporal dependencies ( 1  5 )  are taken into account. Using 
Equation (23) after integrating over time we have 

Replacing the summation by integrating over wave vectors C, + V / ( ~ Z ) ~  dq in Equa- 
tion (25) we get 

Due to Equations ( 1  1) and (12) we may write 

Substituting Equation (27) into Equation (26) we obtain 

Let us transform the thermodynamic derivative in Equation (28). Firstly, we connect 
the derivatives (aY/ap),  and ( a Y / d T ) ,  of an arbitrary function depending on the 
difference T -  T*,  i.e. Y = Y ( T  - T*). Using the Jacobian properties6 we get 

= -  3( P ”), aT + 5( ”) aP T 9 
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ISOTROPIC PHASE OF CHOLESTERIC LIQUID 195 

where C ,  and C ,  are the heat capacities per unit mass, tLT = l / V ( d V / d T ) ,  is the thermal 
bulk expansion coefficient, C = Jm is the sound velocity at zero frequency. Since 
the temperature T *  is the function of pressure, T* = T*(p) ,19 the derivative ( a Y / d p ) ,  
may be presented in the form 

Using the thermodynamic identity6 

T a l c '  
Y 

c,- C" =-, 

where y = CJC,, and Equations (29)  and (30) we may write the value ( d Y / a p ) i  as 
follows 

' T(y-  1)C' p C p d T *  ($):=(g), p2C, ( T a ,  d p )  

This identity gives the possibility to present the value p 2 ( a ( T -  T * ) / a p ) i  in the form 

where C,,, C,, are the nonsingular parts of the heat capacities and y o  = Cp0/C,,. In the 
used Gaussian approximation the singular heat capacity parts had to be omitted. 

We introduce the dimensionless variables 

w 

= G9 ( 3 4 )  

where 

and 

instead of o and 4,. With these variables the integral in Equation (28) has the form 

1 ~ ~ [ G ~ ) ~ ' ( - i o + 2 r G ~ ) ) - 2 ~ ( ~ , a 0 ( ~ -  4'4 - 73)3/2 
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196 V. P. ROMANOV AND S. V. UL‘YANOV 

The expression (28) may be rewritten as 

i j”(W) =--- kT2(?o-  1)ao ‘ I 2  C 2 (  pC po dT’)’ J l  

8nZ Y o  cpo TaT d p  I =  -,[A,(T- T:)]3/2’  

where the integral 

g 2 d 4  
[l +(4 - 41)z12c1 - ix, + (4 - 4J21’ J l  = j: 

is calculated in the Appendix. Each of the five modes have their own charact 

(39) 

time 
= [Tao(T- T : ) ] - ’ ,  I = 0, f 1, L- 2 where T: are given by Equation (13). The largest 

2. characteristic times have the modes I = 
Therefore, the complex coefficient of the bulk viscosity has the form 

risti 

where 

2 J;i J G 7 . 1  J 1 + x 2  ’ 
E l  ( X )  = - - - 

x x  

F 2 ( X )  = 1 - --JJ1+.‘ a - 1 ,  
X 

f i  J K 2 - 1  J 1 + x 2  . E2(X) = 1 -- 
X 

Equations (18), (19), (40) and (41) give the possibility of calculating the sound 
absorption coefficient and the sound velocity dispersion in the cholesteric isotropic 
phase in the vicinity of phase transition. Note that these expressions are free from fitting 
parameters. All values in these equations may be measured experimentally. 

4. DISCUSSION 

Equation (40) describing the critical input to the bulk viscosity coefficient has a quite 
complicated form. Therefore it needs special analysis to clarify the sense of the obtained 
expressions. Firstly, we compare the Equation (40) with the results for the isotropic 
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ISOTROPIC PHASE OF CHOLESTERIC LIQUID 197 

nematic phase transition. If in the free energy expansion (4) the coefficient d vanishes 
and one correlation length approximation (c = 0) is used, Equation (40) transforms into 

This expression describes the bulk viscosity coefficient in the isotropic phase of 
a nematic. It turns to the Imura and Okano relation' for dT*/dp=O. But T* 
dependence on the pressure p is important and the term pCpo/T,, x dT*/dp is of the 
order of 2 - 4. 

Let us analyse and compare the temperature and frequency dependencies of nematic 
and cholesteric acoustical parameters in the isotropic phase. For low frequencies 
(w+O, xl +O) Equations (41) give 

For high frequencies (w + 00, xI + 00) we have 

F 2 ( X )  - 1, E2(X) 'v 1.  

The expressions (43) and (44) make it possible to estimate the asymptotic behaviour 
of the acoustic parameters near the phase transition point. By eliminating the difference 
between T:, 1 = 0, 1, f 2 we have: 

for w + O(w << wo) 

I-N transition 

a ( w ) - w 2 ( T -  T*)-3 /2 ,  

C(0)  - c - 0 2 (  T - T*)-  512, 

I-Ch transition 

a ( w ) - w 2 ( T -  T*) -5 /2 ,  

C ( 0 ) -  C - o 2 ( T -  T*)-7/2, 

and for w + 00 (w >> wo). 

(45) 

(46) 
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I-N transition 

I-Ch transition 

V. P. ROMANOV AND S. V. UL'YANOV 

C(w)-C-(T- T*)- ' /2 ,  

a@)-(T- T*)-'l2, 

C(W) - C - (T- T*)-3/2. 

(47) 

Comparing these relations we conclude that frequency dependencies of acoustical 
parameters at low frequencies for nematics and cholesterics are similar. At high 
frequencies the sound absorption coefficient for cholesterics is frequency independent 
while it increases as 

As to the temperature dependencies of the sound absorption and the velocity 
dispersion one can see that the acoustical parameters near the phase transition point 
increase more rapidly for cholesterics than for nematics. It is interesting for experimen- 
tal studies that at high frequencies a - (T - T*)-  'I2 and independent of frequency for 
cholesterics while a - wl/, and independent of temperature for nematics. 

In order to illustrate the numerical values of the results obtained we compare the 
ultrasonic velocity dispersion and the attenuation coefficient in the nematic and 
cholesteric isotropic phases. 

The calculations were completed for system with the parameters of CE,  choles- 
teric.,' In this case 

for nematics. 

a, = 0.96 x lo6 erg/cm3K, b = 6.2 x lO-'erg/cm, c = 0, d = 0.78 erg/cm2 

For the remaining parameters we used the typical values which are well known for 
nematics. We take the numerical data for MBBA:19* 2 1 * 2 2  

TC-T*=1.4K, p=l.04g/cm3, r=0.4cm3/ergs, aT=7 .8x  10-4K-1 

dT*/dp z dT,ldp = 3.9 x 10-'Kcm2/din. 

The temperature dependence of C,, in MBBA in the isotropic phase was used from:23 

C,, = $( 55.6 + 3 1.9( 7)). 
where R is the universal gas constant, M is the molecular weight. The temperature 
dependence of C,, was found using the Equation (3 1). We calculate the coefficient of the 
sound attenuation a/f2 and the sound velocity dispersion C(w) - C from Equations 
( 181, ( 19), (40) and (42). 
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ISOTROPIC PHASE OF CHOLESTERIC LIQUID 199 

Figures 1 and 2 show the results of calculations in the vicinity of I-Ch and I-N phase 
transition points for frequenciesf, = 1 MHz andf, = 10 MHz. These frequencies are 
typical for acoustical experiments. For our set of parameters the valuef, > 00/(2a) 
belongs to the high frequency region whereas f, is the intermediate frequency, 
f l  - w0/(2a). It is seen from Figures 1 and 2 that the sound velocity dispersion and the 
attenuation coefficient increase more rapidly for cholesteric than for nematic as T-, T,. 
This behaviour is in accordance with the asymptotics (45)-(48), i.e. the variation of 
acoustical parameters much more visible for the low frequency than for the high one. It 
follows from Equation (47) that for nematic the sound absorption coefficient has to be 
independent of temperature at high frequenciesf>> w0/(2a). For our case, j, > oO/(2a), 
one can see the tendency toward this behaviour. The dashed parts of the lines 
correspond to the deviation from the scaling laws (45)-(46) due to the difference 
between the instability temperatures T:  for various modes, e.g. T r 2  - T,* - 1 K. 

For the systems with a large pitch it is convenient to use the power series expansion 
on the parameter d, or l/p, for the ultrasonic attenuation and the sound velocity 
dispersion. From Eqhations (18), (19), (40) and (42) we obtain in the lowest order on 

100 100 

FIGURE 1 Temperature dependence of sound velocity dispersion AC = C(w) - C for cholesteric ( 1 )  and 
nematic (2) for various frequencies: I . f= 1 MHz, I]./= 10 MHz. The dotted lines are calculated with the help 
of Eq. (SO). 
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200 V. P. ROMANOV A N D  S. V. UL'YANOV 

FIGURE 2 Temperature dependence of alf' for cholesteric (1)  and nematic (2) for various frequencies: I. 
f=  1 MHz, I I . f =  10 MHz. The dotted lines are calculated with the help of Eq. (49). 

dimensionless parameter 2nrc/p 

where we introduce the correlation length rc = {b / [a , (T-  T*)]}1/2. 

nematic. The coefficients A( 7'' w) and B(T, w) are 
The first terms in the right hand side of Equations (49) and (50) correspond to 

B(T,w)=- D ( 7 ' ) ( 1 + 2 : - J ~ p o  3). 
4n 
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where 

po ,  vo, xo are given by Equations (A.4) and (34). 
Note that Equations (49) and (50) contain even powers of parameters (2nrJp only. 

For cholesteric CE, the results of calculation by Equations (49) and (50) are shown in 
Figures 1 and 2 by dotted lines. One can see that for our set of parameters which 
corresponds to the system with a small pitch the exact equations must be used. For 
systems with a large pitch Equations (49) and (50) are suitable. 

The results obtained in this work may be used for quantitative analysis of the 
acoustical experimental data and deriving information about cholesteric parameters 
from the experiments of this type. 

APPENDIX 

For calculating the integral (24) it is convenient to introduce the contour integral 

where the contour C is shown in Figure 3. The functionf(z) decreases quite rapidly as 
JzI -, 03 and has no singularity at the zero point. This integral contains contribution on 
the upper and the lower side of the cut only and it equals the sum of the residues. Thus 
we have 

j:f(z)dz = - 1 ResCf(z)lnz]. 
Rcs 

For our integral we can write 

z21nz 
[1 + (z - ij,)2]2 [ I  - i x ,  + (z - i j , ) 2 ] *  

J ,  = - 1 Res 
Rcs 

In this case there are four poles 

where 
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FIGURE 3 The integrating contour C. 

So we have 

- (4, - p, - iv,)21n(@, - p, - iv,) . 1 
After a simple calculation we come to 

J ,  = ReJ, + i ImJ,, 
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ISOTROPIC PHASE OF CHOLESTERIC LIQUID 203 

where 

( 4 : -  l ) ( n + a r c t g J I ) + ~ l l n  

In the expressions (A7) and (A8) the odd parameter sI functions vanish after summing 
over the modes 1 in Equation (38). Therefore it is necessary to take into account in 
Equations (A7) and (A8) the even part of the functions ReJ, and ImJ ,  only. Thus, we 
have 

After substitution Equations (A 9) and (A 10) into Equation (38) we get Equation (40). 
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